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Experimental detection of entanglement in superconducting qubits has been mostly limited, for
more than two qubits, to witness-based and related approaches that can certify the presence of
some entanglement, but not rigorously quantify how much. Here we measure the entanglement
of three- and four-qubit GHZ and linear cluster states prepared on the 16-qubit IBM Ru¨eschlikon
(ibmqx5) chip, by estimating their entanglement monotones. GHZ and cluster states not only have
wide application in quantum computing, but also have the convenient property of having similar
state preparation circuits and fidelities, allowing for a meaningful comparison of their degree of
entanglement. We also measure the decay of the monotones with time, and find in the GHZ case
that they actually oscillate, which we interpret as a drift in the relative phase between the |0〉⊗n and
|1〉⊗n components, but not an oscillation in the actual entanglement. After experimentally correcting
for this drift with virtual Z rotations we find that the GHZ states appear to be considerably more
robust than cluster states, exhibiting higher fidelity and entanglement at later times. Our results
contribute to the quantification and understanding of the strength and robustness of multi-qubit
entanglement in the noisy environment of a superconducting quantum computer.
I. INTRODUCTION
Entanglement captures the intrinsic nonlocality of
quantum systems and is a critical resource for quan-
tum speedup. The crudest measure of entanglement is
whether or not it is present: If the actual density matrix
is a tensor product of single-qubit density matrices, it’s
not entangled. Witnesses [1, 2] have been used to estab-
lish entanglement in multi-qubit systems with up to 20
qubits [3–7]. When present, however, it is also interesting
to quantify the degree of entanglement and its robustness
to noise and decoherence [3, 4, 8–10]. In this work we ex-
perimentally estimate entanglement monotones [11–13]
for the GHZ
|0〉⊗n + |1〉⊗n√
2
(1)
and linear (one-dimensional) cluster state
n−1∏
i=1
CZi,i+1|+〉⊗n (2)
on the IBM Ru¨eschlikon (ibmqx5) chip [14]. Here CZii′ is
the gate diag(1, 1, 1,−1) on qubits i and i′, and we have
mapped the physical qubits to chains of length n = 3, 4.
Specifically, we measure the three-qubit monotone
E3 = 1
3
∣∣∣∣〈XY Y C〉2 + 〈ZY Y C〉2 − 〈IY Y C〉2
+〈Y XY C〉2 + 〈Y ZY C〉2 − 〈Y IY C〉2
+〈Y Y XC〉2 + 〈Y Y ZC〉2 − 〈Y Y IC〉2
∣∣∣∣, (3)
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where C is the complex conjugation operator, and the
four-qubit monotones
E4a = 〈Y Y Y Y C〉2 (4)
and
E4b =
∣∣∣∣〈XYXY C〉2 + 〈ZY ZY C〉2 − 〈XY IY C〉2
+〈ZY XY C〉2 + 〈ZY ZY C〉2 − 〈ZY IY C〉2
−〈IY XY C〉2 − 〈IY ZY C〉2 + 〈IY IY C〉2
∣∣∣∣. (5)
In this work we ignore the complex conjugation operator
because our states are assumed to be real.
Entanglement monotones have several features that
make them ideal for quantifying entanglement. First,
they are strictly non-increasing under local (single-qubit)
CPTP maps, making them less sensitive to decoherence
than entanglement entropies and related measures based
on reduced density matrices. Measuring their decay with
time allows us to quantify and hopefully understand the
environment of a noisy superconducting quantum com-
puter and its effects on large-scale entanglement. Second,
they allow for a direct comparison between different fam-
ilies of states and, if known, the maximum possible [15].
The monotone E3, a symmetrized 3-tangle [16], is ide-
ally equal to 1 (the maximum value) for both the GHZ
and cluster states. (This is expected because the n= 3
GHZ and linear cluster states are in the same entangle-
ment class.) The monotone E4a is the square of the 4-
concurrence [17–19], and is ideally equal to 1 for the GHZ
state but vanishes for the cluster (showing that for n=4
they are in different classes). Therefore we cannot use
E4a to quantify relative entanglement. We still measure
it, however, because it’s a simple generalization of the
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2FIG. 1. State preparation circuits for n=4. Single qubit gates
2 through n are either identities (I) for GHZ or Hadamards
(H) for the cluster state. The vertical gates are CNOTs.
squared two-qubit concurrence 〈Y Y C〉2 [20]. The mono-
tone E4b is ideally equal to 1 for both GHZ and cluster
states, and vanishes not only on every four-qubit mixed
product state
ρ1 ⊗ ρ2 ⊗ ρ3 ⊗ ρ4 (6)
but also on partially entangled states of the form
ρ12 ⊗ ρ34, (7)
where ρ12 and ρ34 are entangled two-qubit states. In
other words, E4b measures genuine four-qubit entangle-
ment. The monotones E3 and E4a also measure genuine
multi-qubit entanglement in this same sense.
A challenge of the monotone approach is that it re-
lies on the antilinear conjugation operation C. In this
work we will attempt to bypass the complex conjugation
step on the basis that the ideal GHZ and cluster states
are real. This is an approximation that will limit the
accuracy of our technique, and may also cause the mono-
tones to have unphysical oscillations in time, unless the
imaginary part is zeroed. (We note that the approach of
Di Candia et al. [8] circumvents this limitation, at the
expense of additional qubit and gate overhead.)
TABLE I. State preparation error averaged over 32 indepen-
dent circuit implementations, each estimated with 16 random
readout-corrected Pauli expectation values. The preparation
errors are written as the sample mean ± the standard error.
Error (%) n = 3 n = 4
GHZ 11.83± 0.51 21.77± 0.22
Cluster 9.05± 0.34 21.17± 0.29
II. STATE PREPARATION CIRCUITS AND
FIDILITIES
The state preparation circuits are shown in Fig. 1. The
GHZ and cluster preparation circuits are the same except
for n − 1 Hadamards, and we confirm that their state
preparation fidelities are very similar. This is important
because it allows us to assume that the entangled states
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FIG. 2. E3 versus time. The solid lines interpolate between
readout-corrected measurements.
are prepared with similar fidelity. To quantify this we
prepare the n = 3, 4 GHZ and cluster states and measure
their state preparation error (fidelity loss) by Flammia-
Liu fidelity estimation [21]. The results are summarized
in Table I.
We find that the state preparation errors are quite
noisy and (after readout correction) dominated by CNOT
errors, which explains why the extra Hadamards in the
cluster state preparation circuit do not, on average, result
in a larger circuit error. In fact Table I shows that the
cluster states have slightly smaller state preparation er-
rors. Histograms showing the distribution of state prepa-
ration errors are provided in Appendix A.
III. MONOTONES
The measured monotone (3) is shown in Fig. 2. Here
E3 is measured after waiting for a time t. The delay is
implemented by a sequence of 80ns identity gates. In
addition to the GHZ and cluster states, we also mea-
sure the uniform state |+〉⊗n to include a nonentangled
control subject. The observed oscillations in the data ap-
pear to violate the important non-increasing property of
an entanglement monotone under local noise. The mono-
tones (4) and (5), shown in Figs. 3 and 4, are also non-
monotonic. To confirm that the observed oscillations are
not an artifact of the particular chip or qubits used, we
also measured E3 on the 5-qubit IBM Tenerife (ibmqx4)
chip, and find oscillations with a similar frequency, as
shown in Fig. 5.
Considering first the GHZ states, we interpret these
oscillations as resulting from a nonzero relative phase φ
between the |0〉⊗n and |1〉⊗n components, as defined in
|0〉⊗n + eiφ|1〉⊗n√
2
. (8)
Note that a nonzero φ mod pi results in an imaginary
component in (8), invalidating our approach of neglecting
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FIG. 3. E4a versus time.
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FIG. 4. E4b versus time.
the complex conjugations in the monotone definitions.
To support this interpretation we measure the Pauli ex-
pectation value 〈X⊗n〉, which can be used to extract the
value of φ. The data are shown in Fig. 6. In the modified
GHZ state (8),
〈X⊗n〉 = cosφ. (9)
Fitting to the data we find that
φ = 2pifz t with fz ≈
{
167 kHz for n=3
238 kHz for n=4.
(10)
The n dependence of fz, easily visible in Fig. 6, suggests
that each qubit has an unexpected 55 to 60 kHz split-
ting in the rotating frame. Interestingly, however, we
did not observe oscillations in single-qubit Ramsey scans(|0〉 → eipiY/4 Idelay t e−ipiY/4|0〉) versus t on any of the
individual qubits, but did in the concurrence 〈Y Y C〉 of a
Bell state, suggesting that the phase drift (10) is intrin-
sically a multi-qubit effect.
Similar oscillations occur for the cluster state, but for
this family the oscillation amplitude is much smaller and
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FIG. 5. Oscillating E3 versus time on the IBM Tenerife (ib-
mqx4) chip.
the oscillations are sometimes only barely visible before
the entanglement has vanished. We do not have a simple
model for the perturbed state in this case.
IV. PHASE DRIFT COMPENSATION
Having identified the phase drift (10) as the origin of
the oscillations in the GHZ monotones, we attempt to
cancel it by applying compensating virtual (software) Z
rotations with a phase opposite opposite to (10). Identi-
cal phase shifts of −φ/n are applied to each qubit. We
apply this same correction to the GHZ, cluster, and uni-
form states. The results are shown in Figs. 7 and 8.
We refer to these corrected measurement results as phase
compensated data.
The oscillations in E3 and E4b are no longer present
after phase compensation; they are now properly mono-
tonic (apart from measurement noise). And after this
correction, the GHZ states appear to be significantly
more robust than the cluster states, which is the most
interesting conclusion from this work.
The behavior of the uniform state |+〉⊗n, which we
included as a (nominally) nonentangled control, is also
interesting. In Fig. 2, the n=3 uniform state (red curve)
appears to spontaneously develop a high degree of en-
tanglement. However after phase compensation, Fig. 7,
entanglement is absent. This is consistent with our in-
terpretation that the states in Fig. 2 develop imaginary
components, invalidating our E3 measurement technique,
which assumes purely real components. But the behavior
of the n=4 uniform state is different: In Fig. 4, the uni-
form state (red curve) shows no significant entanglement,
but the phase compensated data does.
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FIG. 6. Pauli expectation values versus time.
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FIG. 7. Same as Fig. 2, except that identical phase shifts
of −φ/n are now applied to the qubits during the delay, to
compensate for the phase drift. The GHZ state is clearly more
robust than the cluster state at long times.
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FIG. 8. Same as Fig. 4, but with phase compensation. Again
the GHZ state appears to be much more robust.
V. CONCLUSIONS
We have studied the relative strength and robustness of
entanglement of the three- and four-qubit GHZ and linear
cluster states on the IBM Ru¨eschlikon (ibmqx5) super-
conducting quantum computer by measuring entangle-
ment monotones E3 and E4b, defined in (3) and (5). These
entanglement measures have the property that they are
ideally equal to one for the GHZ and cluster states, al-
lowing for a meaningful cross-comparison. However we
find that E3 and E4b are in fact non-monotonic, which we
ascribe to the development of imaginary components of
the states. After proposing a simple phase-drift model
for this effect, we attempt to correct it, and after the
correction find the GHZ states to be significantly more
robust than the cluster states, exhibiting higher fidelity
(data not shown here) and entanglement at later times.
What is expected theoretically? There is a commonly
stated expectation that cluster states are more robust,
due to their property that they remain partially entan-
gled after measurement of a subset of k < n qubits.
(This property is essential for their use in measurement-
based quantum computation.) We note, however, that
this form of entanglement is not of the genuine multi-
qubit type measured by E3 and E4b. Furthermore, our
results contradict the predictions of a Markovian T1,2
model and a non-Markovian dephasing model with re-
alistic (but spatially uncorrelated) 1/f flux noise.
A simple explanation for the robustness of GHZ states
observed here is that they only have two components (one
relative phase) to acquire pure dephasing errors. And our
compensation technique, which applies identical phase
shifts −φ/n to each qubit, may be non-optimal for cluster
states, whereas for GHZ states any distribution of phase
shifts adding up to −φ is acceptable.
Finally, we note that the data presented here was ac-
quired over more than 9 months, during which there were
drifts in system parameters and gate fidelities, leading to
small inconsistencies between some of the figures. How-
ever the principal observations, that GHZ and cluster
state preparation fidelities and initial entanglement are
similar, that E3 and E4b oscillate in time, and that after
phase compensation the GHZ states remain more entan-
gled, were generally observed.
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Appendix A: STATE PREPARATION ERRORS
Here we provide the data summarized in Table I.
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GHZ state.
18 19 20 21 22 23 24 25
Error
0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
Fr
eq
ue
nc
y
n=4 Cluster state
Samples 32
Ave 21.17%
Std 1.63%
SEM 0.29%
Min 18.27%
Max 25.61%
Entanglement: State preparation error
2018 3 22 6 33 55
FIG. 12. (Color online) State preparation errors for the n=4
cluster state.
[1] R. Horodecki, P. Horodecki, M. Horodecki, and
K. Horodecki, Rev. Mod. Phys. 81, 865 (2009).
[2] O. Gu¨hne and G. To´th, Physics Reports 474, 1 (2009).
[3] M. Neeley, R. C. Bialczak, M. Lenander, E. Lucero,
M. Mariantoni, A. D. O’Connell, D. Sank, H. Wang,
M. Weides, J. Wenner, Y. Yin, T. Yamamoto, A. N. Cle-
land, and J. M. Martinis, Nature 467, 570 (2010).
[4] L. DiCarlo, M. D. Reed, L. Sun, B. R. Johnson, J. M.
Chow, J. M. Gambetta, L. Frunzio, S. M. Girvin, M. H.
Devoret, and R. J. Schoelkopf, Nature (London) 467,
574 (2010).
[5] C. Song, K. Xu, W. Liu, C.-p. Yang, S.-B. Zheng,
H. Deng, Q. Xie, K. Huang, Q. Guo, L. Zhang, P. Zhang,
D. Xu, D. Zheng, X. Zhu, H. Wang, Y.-A. Chen, C.-Y.
Lu, S. Han, and J.-W. Pan, Phys. Rev. Lett. 119, 180511
(2017).
[6] N. Friis, O. Marty, C. Maier, C. Hempel, H. M, P. Ju-
rcevic, M. Plenio, M. Huber, C. Roos, R. Blatt, and
B. Lanyon, “Observation of entangled states of a fully-
controlled 20 qubit system,” arXiv: 1711.11092.
[7] Y. Wang, Y. Li, Z.-q. Yin, and B. Zeng, “16-qubit IBM
universal quantum computer can be fully entangled,”
arXiv: 1801.03782.
[8] R. Di Candia, B. Mejia, H. Castillo, J. S. Pedernales,
J. Casanova, and E. Solano, Phys. Rev. Lett 111, 240502
(2013), arXiv:1306.0510.
[9] M.-C. Chen, D. Wu, Z.-E. Su, X.-D. Cai, X.-L. Wang,
T. Yang, L. Li, N.-L. Liu, C.-Y. Lu, and J.-W. Pan,
Phys. Rev. Lett. 116, 070502 (2016), arXiv:1506.05353.
6[10] D. Cruz, R. Fournier, F. Gremion, A. Jeannerot,
K. Komagata, T. Tosic, J. Thiesbrummel, C. L. Chan,
N. Macris, M.-A. Dupertuis, and C. Javerzac-Galy,
“Efficient quantum algorithms for GHZ and W states,
and implementation on the IBM quantum computer,”
arXiv:1807.05572.
[11] G. Vidal, J. Mod. Optics 47, 355 (2000).
[12] A. Osterloh and J. Siewert, Phys. Rev. A 72, 012337
(2005).
[13] C. Eltschka, T. Bastin, A. Osterloh, and J. Siewert,
Phys. Rev. A 85, 022301 (2012).
[14] https://quantumexperience.ng.bluemix.net/qx/devices.
[15] P. Contreras-Tejada, C. Palazuelos, and J. I. de Vicente,
“A resource theory of entanglement with a unique mul-
tipartite maximally entangled state,” arXiv:1807.11395.
[16] V. Coffman, J. Kundu, and W. K. Wootters, Phys. Rev.
A 61, 052306 (2000).
[17] A. Uhlmann, Phys. Rev. A 62, 032307 (2000).
[18] A. Wong and N. Christensen, Phys. Rev. A 63, 044301
(2001).
[19] A. Osterloh and R. Schu¨tzhold, Phys. Rev. A 96, 012331
(2017).
[20] W. K. Wooters, Phys. Rev. Lett. 80, 2245 (1998).
[21] S. T. Flammia and Y.-K. Liu, Physical Review Letters
106, 230501 (2011).
